We first construct generalized Riemann-normal coordinates by using autoparallels, instead of geodesics, in an arbitrary Riemann-Cartan spacetime. With the aid of generalized Riemann-normal coordinates and their associated orthonormal frames, we obtain a momentum-space representation of the Feynman propagator for scalar fields, which is a direct generalization of Bunch and Parker's works to curved spacetime with torsion. We further derive the proper-time representation in n dimensional Riemann-Cartan spacetime from the momentum-space representation. It leads us to obtain the renormalization of one-loop effective Lagrangians of free scalar fields by using dimensional regularization. When torsion tensor vanishes, our resulting momentum-space representation returns to the standard Riemannian results.
I. INTRODUCTION
A consistent dynamical theory between gravity and quantum field theory involves microscopic aspect of gravity. In the perturbative approach to quantize gravitational field, it turns out that general relativity (GR) is unrenormalizable, so a satisfactory quantization of gravitational field cannot be accomplished [12] . Moreover, the standard cosmological model, which is based on GR plus the known matter field, predicts a decelerating expansion of our present Universe. It is contradicted to recent astrophysical observations, e.g. supernova Type Ia observations, which indicate that the expansion of the present Universe is in accelerating phase [24] . Hence, GR cannot successfully describe both the small-scale (planck scale) and large-scale (cosmological scale) phenomena.
Since GR is established (by hypothesis) in the pseudoRiemannian (i.e. torsion free) framework, the fundamental variables for the gravitational field are metric tensor g. The sources of gravitational field are solely described by symmetric stress-energy tensor, so the conservation law of angularmomentum does not involve intrinsic spin of elementary particles. Therefore, it lacks of a description of spin-orbit coupling. These problems may be resolved when we extend GR to Riemann-Cartan spacetime, i.e. Einstein-Cartan theory. Another well-known gauge theory of gravity, Poincaré gauge theory of gravity (PGT), is also established in RiemannCartan spacetime. In these theories, intrinsic spin play a significant role and becomes the source of torsion.
Riemann-Cartan spacetime is characterized by metric g and metric-compatible connection ∇, so the natural associated variables for gravitational field are orthonormal co-frames {e a } and connection 1-forms {ω a b }. In PGT, {e a } and {ω a b } * Electronic address: yhwu@webmail.phy.ncu.edu.tw † Electronic address: chwang@phy.ncu.edu.tw, robbin1101@gmail.com correspond to local translation and rotation gauge potentials [15] . There are several important theories of gravity being considered {e a } and {ω a b } as the fundamental variables, e.g. loop quantum gravity. Moreover, recent theoretical investigation on cosmology has been developed in Riemann-Cartan spacetime. For the dark energy problem, it was discovered that the trace torsion may be a good candidate for dark energy in a cosmological model of PGT [4, 26] . For inflationary scenario in early Universe, instead of introducing inflaton which violate the strong energy condition, we found that the quadratic curvature terms in Riemann-Cartan spacetime do provide a power-law inflation and the totally anti-symmetric torsion play a significant role for generating inflation [29] . These results show that torsion has notable effects on cosmology.
Since torsion and intrinsic spin have direct interactions, spin-polarized bodies are used to detect torsion directly in the laboratory (see a review article [19] ). Up to present, there is no experimental evidences showing the existence of torsion field, so the constraints on torsion-spin coupling turn out to be extremely small [17, 19] . However, due to the observation of cosmic microwave background radiation (CMB) and other astrophysical observations, it provides another possibility to search for torsion-spin coupling, which are expected to be significant, in the early Universe. Instead of looking for torsion-spin coupling, Dereli and Tucker considered a spinless particle following an autoparallel curve in the Brans-Dicke theory with torsion, and then estimated the precession rate of Mercury's orbit [8, 9] . Later on, the precession rate of a gyroscope following an autoparallel in the Kerr-Brans-Dicke field with torsion has also been calculated [30] .
The discovery of CMB and its anisotropic structure provides us a light to understand the evolution of our early Universe. It can be expected that the quantum effects of matter fields will become significant in the very early Universe (near the planck scale). In our previous work [29] , we obtained an inflationary model based on quadratic curvature effects in Riemann-Cartan spacetime. In pseudo-Riemannian structure of spacetime, adding the quadratic curvature Lagrangians into the Einstein-Hibert action comes from the renormalization of one-loop effective action of matter fields [2] and inflationary models have also been discussed [18, 27] . It motivates us to study the renormalization of one-loop effective action of matter fields in Riemann-Cartan spacetme.
Quantum field theory in the pseudo-Riemannian structure of spacetime has been largely investigated [2, 10, 11] . The standard approach to find the divergent terms of one-loop effective action of free scalar, spin 1/2 and 1 fields are using DeWitt-Schwinger proper-time method [6, 10] with some regularization methods. It requires to solve a heat kernel equation in the normal neighborhood of a point x ′ by using DeWittSchwinger ansatz, which involve a bi-scalar world-function σ(x, x ′ ), i.e. one-half the square of the geodesic distance between x and x ′ . It is known that the normal neighborhood of x ′ is obtained by using exponential map [14] , i.e. sending geodesics to the neighborhood of x ′ . The generalization of proper-time formulation to Riemann-Cartan spacetime has been considered [13, 21] . However, it immediately encounter with a question: which curve, autoparallel or geodeisc, should be used to construct the exponential map? In [13] , it applied DeWitt-Schwinger ansatz to solve a heat kernel equation in Riemann-Cartan spacetime by using autoparallels. However, we found that these curves are not autoparallels since the onehalf the square of the autoparallel distance
, which is actually the geodesic equation [10] . It turns out that geodesic interval σ(x, x ′ ) is more suitable for applying DeWitt-Schwinger ansatz in Riemann-Cartan spacetime.
The discussion of quantum field theory in Riemann-Cartan spacetime has another approach by considering torsion as an extra background field (see a review article [25] ). In this approach, the fundamental variables are components of metric g µν and torsion T α µν with respect to coordinate basis {∂ µ }, and the full connection ∇ will be separated into LeviCivita connection∇ and contorsion part. Following this approach, the divergent terms of one-loop effective action of matter fields turn out to be the geometrical invariants associated with Riemannian curvature and torsion, instead of full curvature and torsion [7, 22, 25] . One may easily verify that the field equations obtained from the variation of g µν and T α µν are completely different from the field equations obtained by varying {e a } and {ω a b }. For example, the metric components g µν contain 10 independent variables due to its symmetrization, but orthonormal-coframe {e a = e a µ dx µ } have 16 independent variables. So their associated source currents will be symmetric stress-energy tensor T µν and stressenergy 3-forms τ a , respectively. Moreover, another difference comes from the first-order and second-order Lagrangians [25] . It is more reasonable for us to consider {e a } and {ω a b } as independent variables, since one can naturally derive their associated field strengths (i.e. torsion and full curvature) and Bianchi identities (i.e. conservation laws).
Besides the DeWitt-Schwinger proper-time representation, Bunch and Parker [3] developed a momentum-space representation which is useful for discussing the renormalizability of interacting fields, e.g. λφ 4 theory, in a general pseudoRiemannian structure of spacetime. By constructing the Riemann-normal coordinates in the normal neighborhood of an original point x ′ , they solved the Feynamm Green's function G(x, x ′ ) of free scalar and Dirac fields in the Riemannnormal coordinates with a large wave number k approximation. In the large k approximation, the first few leading solution of momentum-space representation of Feynamm Green's function, i.e. G i (k), have been obtained. It is known that the ultraviolet divergences come from the large wave number k modes, i.e. short distance behavior, so the solutions G i (k) for i 4 are sufficient to deal with the renormalization of one-loop effective action. However, for studying the renormalizability of λφ 4 theory, the solutions G i (k) for i 2 may be sufficient.
The method of momentum-space representation can be naturally extended to Riemann-Cartan spacetime. The major different is that the background field variables are changed from metric tensor g = g µν dx µ ⊗ dx ν to orthonormal co-frames {e a = e a µ dx µ } and connection 1-forms {ω a b = ω a bµ dx µ }. We should construct a local coordinate system {x µ }, where the coefficients of e a µ and ω a bµ in the Taylor series expansions can be systematically expressed in terms of full curvature, torsion and their covariant derivative ∇ µ at original point x ′ . It is obvious that the Riemann-normal coordinate is not a proper choice since only the expansions of g µν can be systematically expressed in terms of Riemannian curvature and its covariant derivative with respect to Levi-Civita connection. There is no systematical way to accomplish the expansions of full connection components Γ α µν . It is not difficult to see that g µν in the Riemann-normal coordinates yields no difference in the Riemann-Cartan spacetime or in the pseudo-Riemannian structure of spacetime.
Tucker established Fermi coordinates with their associated orthonormal-frames in Riemann-Cartan spacetime [28] . Instead of using geodesics, he used autoparallels γ v (λ) to define an exponential map and then the Fermi coordinates can be constructed in the normal neighborhood of a time-like curve. By parallel transporting the orthonormal co-frames {e a } along γ v (λ), one can systematically expressed e a µ and ω a bµ in terms of the acceleration and frame rotation of the time-like curve, full curvature, torsion and ∇ µ on the time-like curve. We follow the similar process to construct generalized Riemann-normal coordinates at a point x ′ . A detail construction will be presented in Sec. III. A recent investigation on normal frames in general connection (no metric-compatible) has be found in [20] . In order to find the ultraviolet divergences of one-loop effective action, we should accomplish the expressions of e a µ and ω a bµ in terms of full curvature, torsion and ∇ µ to fifth-order, which involve quadratic full curvature terms.
Using generalized Riemann-normal coordinates, one can solve Feynamm Green's function of scalar and spin 1/2 fields in Riemann-Cartan spacetime and find approximate solutions G i (k) in the momentum space. In this paper, we first concentrate on a scalar field. The classical action of the scalar field includes a non-minimal coupling term ξRφ 2 , where R is full scalar curvature. When ξ = 0, the scalar field has mim-inal coupling, and ξ = 1 6 may refer to conformal coupling. Since solving G i (k) for i = 3, 4 involves extremely complicated and tedious calculations, we will restrict our background torsion to be totally ansi-symmetric. For i 2, we solve G i (k) in general background torsion. The restriction of totally anti-symmetric torsion largely simplified our calculations. Moreover, our previous work [29] indicated that totally anti-symmetric torsion plays a significant role for generating inflation, so this restriction may still be useful for investigating quantum effects in the early Universe. The calculation of renormalization of one-loop effective action for spin 1/2 field is straightforward and since the totally anti-symmetric torsion has a direct interaction with fermions, the restriction on totally anti-symmetric torsion may also be interesting to study.
In Sec. II, we start from a classical action of a free massive scalar field in Riemann-Cartan spacetime, and by using path-integral quantization, the effective action is obtained. The vacuum expectation values of stress 3-forms and spin 3-forms are defined. Sec. III presents a detail construction of generalized Riemann-normal coordinates with associated orthonormal frames. We derive the expansions of e a µ and ω a bµ to fifth-oder, and the coefficients are expressed in terms of full curvature, torsion and ∇ µ at the original point x ′ . When torsion vanishes, it agrees with the result obtained in the Riemann-normal coordinates. Sec. IV starts from the equation of Feynamm Green's function in n dimensional RiemannCartan spacetime, and by using the generalized Riemannnormal coordinates constructed in Sec. III, and large k approximation, we obtain the solutions G i (k) for i 2 in general background torsion. In the Subsection IV A, the solutions G i (k) for i 4 are derived in the totally antisymmetric background torsion. When torsion vanishes, G i (k) agrees with the result in [3] . In Sec. V, the proper-time representation in n dimensional Riemann-Cartan spacetime is derived from the momentum-space representation obtained in Sec. IV. Since the solutions G i (k) are valid in n dimensional spacetime, we use dimensional regularization to study the renormalization of one-loop effective action. In Appendix, we present the detail and tedious calculations for writing down the equation of Feymann Green's function in the generalized Riemann-normal coordinates.
In this paper, we use unit h = c = 1, and for n dimensional spacetime, the metric signature is (−, +, · · · , +). The Greek indices α, β, γ · · · are referred to coordinate indices and the Latin indices a, b, · · · referred to frame indices. Both types of indices run from 0 to n − 1. The covariant derivative ∇ µ on any tensor components Z a···b c···d is defined by
defined by Levi-Civita connection∇ will be put˜on it.
II. EFFECTIVE LAGRANGIANS OF SCALAR FIELDS
The classical action functional of a scalar field in the pseudo-Riemannian (i.e. torsion free) structure of space-time
where the metric g denotes the background gravitational field, ⋆ is the Hodge map associated with g, m is the scalar field's mass, ξ is an arbitrary real number, andR is the Ricci scalar curvature defined by Levi-Civita connection∇. Since the background gravitational field is now described by g and metric-compatible connection ∇ in the Riemann-Cartan space-time, the basic gravitational variables will be a class of arbitrary local orthonormal 1-form co-frames {e a } on spacetime related by SO(3, 1) transformation and connection 1-forms {ω a b }, which is a representation of ∇ with respect to {e a }. A direct generalization of Eq. (1) to Riemann-Cartan space-time is
where R is the full scalar curvature. Varying S with respect to φ, the equations of motion of φ can be obtained
The classical stress 3-forms τ a and spin 3-forms S a b are defined as
where i a ≡ i Xa is the interior derivative and {X a } is the dual basis of {e a }. e a...b c..
. . e d , R ab are curvature 2-forms, and T a are torsion 2-forms. The transition from classical to quantum fields has two main procedures, canonical and path-integral quantizations. However, the path-integral quantization is a more practical approach to study the renormalization of vacuum expectation value of τ a and S a b , which are given by
where |in, 0 > and |out, 0 > correspond to initial in-region and final out-region vacuum states, respectively. One may start from the generating functional with vanishing external current J = 0 [2] ,
and using Schwinger's variational principle [10] yields
So < τ a > and < S a b > can actually be derived by varying the effective action W , which is defined by
with respect to e a and ω a b , i.e.,
With some straightforward derivation [2] , the effective action become
where
is the Feynman Green's function. The divergent terms of W have been largely studied by using the Dewitt-Schwinger proper-time representation of G F (x, x ′ ) in the pseudo-Riemannian geometry [2, 10] . Besides the proper-time representation, Bunch and Parker proposed another representation, the momentum-space representation, which has been shown to be equivalent to proper-time representation , to study the renormalizability of λφ 4 field theory in the pseudo-Riemannian geometry [3] .
The momentum-space representation of G F (x, x ′ ) requires to establish the Riemann-normal coordiantes in a normal neighborhood of the point x ′ and then solve G F (x, x ′ ) in the momentum space [3] . The resulting divergent terms of effective action involve Ricci scalar curvatureR and various quadratic Riemann curvature terms, e.g. Ricci curvature squareR abR ab . The method of momentum-space representation can naturally be extended to Riemann-Cartan spacetime, however, it is not suitable to use the Riemann-noraml coordinates. The reason is that divergent terms of Eq. (10) should depend on full curvature and torsion terms instead of Riemann curvature and torsion. It leads us to establish a generalized Riemann-normal coordinates in a Riemann-Cartan spacetime.
III. GENERALIZED RIEMANN-NORMAL COORDINATES
In a general Riemann-Cartan spacetime, the definitions of autoparallels and geodesics are completely different. However, they become equivalent in the pseudo-Riemannian geometry. Autoparallels γ : λ → γ(λ), which satisfy
where γ ′ denotes the tangent vector of γ, are defined in terms of connectiton ∇, but geodesics C : t → C(t), which satisfy
are defined in terms of g. It is worth to point out that autoparallels and geodesics coincide if background torsion tensor requires to be totally anti-symmetric. Since Eq. (14) and Eq.
(15) both provide unique solutions with given initial values, it is not difficult to see that either autoparallels or geodesics can be used to construct a local coordinate system. If one uses geodesics to construct local coordinates y α , i.e., the Riemann-normal coordinates, with original at point x ′ in the Riemann-Cartan spacetime, the expansion of the metric components g µν (i.e. g(∂ µ , ∂ ν )) in this coordinates is given by [23] 
which involves the value of the Riemann curvatureR abcd and the covariant derivative with respect to Levi-Civita connection∇ at the original point, instead of f ull curvature R abcd and connection ∇, at x ′ . Furthermore, it can be verified that the expansions of all geometric quantities, e.g. torsion tensor components T a bc , also involveR abcd and∇. Since our background gravitational variables are {e a } and {ω a b }, using the above construction to find the divergent terms of W is completely improper. It is necessary to establish a local coordinate system, where the expansions of {e a } and {ω a b } will involve full curvature R a bcd , covariant derivative ∇ a , and torsion T a bc . The generalized Fermi coordinates have been constructed by using autoparallels and the associated orthonormal co-frames in the Riemann-Cartan spacetime [28] . Here, we apply the similar procedure to establish generalize Riemannnormal coordinates.
Consider an autoparallel
where M denotes a n-dimensional Riemann-Cartan spcaetime. Provided γ v (1) exists, the exponential map exp x ′ :
where T x ′ M denotes the tangent space to M at x ′ . Using exp x ′ with an orthonormal frame {X a } at x ′ , we obtain the generalized Riemann-normal coordiantes
where Ψ α is a coordinate chart and
where δ a α = diag(1, · · · , 1). In the following,ˆon any tensor field Z denotes Z| x α =0 (i.e. Z at x ′ ). A natural induced coordinate basis {∂ α }, by construction, has {∂ α = δ a αXa }. It will be useful to introduce generalized Riemann-normal hyper-spherical coordinates {λ, p α } defined by
where λ is the radial coordinate with affine parametrization and p a are the direction cosines of tangent vectors of autoparallels γ ∂α at x ′ satisfying
From the inverse relations
one has
and v = λ∂ λ . It should be mentioned thatẐ = Z| λ=0 denotes the initial value of any tensor field Z in hyper-spherical coordinates {λ, p α }. Using {λ, p α }, we can parallel transport {X a } along autoparallels γ ∂ λ to set up a field of orthonormal frames {X a } and its dual co-frame field {e a } on U. From the above construction, one has
i.e.
with its initial valueê a = δ a α dx α = δ a α p α dλ. Since ∂ λ are tangent vectors of autoaparallels, we further obtain
It turns out that e a (∂ λ ) is independent of λ and equals to its intital value p a . So {e a } in {λ, p a } gives
with the initial valueŝ A a ≡Â a µ dp µ = 0.
Eq. (28) indicates that ω a b do not contain the dλ term, so
with the initial valueŝ
It is known that the Riemann-normal coordinates in the pseudo-Riemannian geometry have a local Minkwoski structure (i.e. g µν (x ′ ) =ω µ ν (x ′ ) = 0), which is associated with equivalence principle. Similarly, Eqs. (31) and (33) also represent a local Minkwoski structure of spacetime at x ′ in the Riemann-Cartan spacetime, so the revised edition of equivalence principle has been discussed [16] .
Since we have completely constructed the generalized Rieamnn-normal coordinates with the associated orthonormal co-frames {e a } on U, the next step is to expand the fundamental variables {e a } and {ω a b } with respect to radial variable λ and then to express their coefficients in terms of full curvaturê R a bcd , torsionT a bc and their covariant derivative ∇ α . We start from the Cartan structure equations defined by the torsion and full curvature [1] : 
are torsion 2-forms and curvature 2-forms in the co-frame field {e a }. By substituting Eqs. (30) and (32) into Eqs. (34) and (35) and equating the forms containing dλ ∧ dp α on each side, it gives ordinary differential equations for A a and C a b :
where ′ denotes the radial derivative ∂ λ . A ′a and C ′a b denote (∂ λ A a b ) dp b and C ′a b = (∂ λ C a bc ) dp c , respectively. In the remain part of Sec. III, we will use the notations dp a ≡ δ a α dp
We know that the Taylor series representations of A a and C a b with respect to radial coordinate λ are
It should be mentioned that, for any function f ,f ′···′ denotes (∂ λ · · · ∂ λ f )| λ=0 . By successively differentiating Eq. (37) and (38) with respect to λ and then evaluating the results at λ = 0, one can obtainÂ ′···′a andĈ ′···′a b in terms ofR a bcd , T a bc , and their radial derivative ∂ λ . Since the discussion of renormalization of W in terms of momentum-space representation requires to calculateÂ ′···′a andĈ ′···′a b to fifth-order, we will present our results to fifth-order of the radial derivative. To first order in λ one findÂ ′a = dp a ,
The curvature and torsion start to appear at the second order:
At the third order:
which have one radial derivative of the curvature and torsion.
The two radial derivatives of the curvature and torsion start to appear at the fourth order:
ef g p c p e p f dp g + 3R ′a bcdT d ef p c p e dp f + 2R a bcdT ′d ef p c p e dp f +R a bcdT d efT f gh p c p e p g dp h .
At the fifth order, it becomes much more complicated and involves three radial derivatives of the curvature and torsion:
′′′a bc p b dp c + 6T
ef p c p e dp f + 4R 
Although these expressions involve the radial derivative ∂ λ , it can be changed to covariant derivative ∇ ∂ λ by using Eq. (27), e.g.
Moreover, it is understood that any tensor-field components Z a···b c..
α···β γ...δ , so there is no difference of using the Greek or Latin indices for any tensor-field components at the original point x ′ . In the following, we will adapt the Greek indices on any tensor-field components at x ′ .
IV. MOMENTUM-SPACE REPRESENTATION OF THE FEYNMAN PROPAGATOR OF A SCALAR FIELD
From Eq. (3), one can show that the Feynamm Green's function of a scalar field satisfies [2, 10] 
and Eq. (52) becomes
It is known that, in the coincident limit x → x ′ , the divergences of G(x, x ′ ) and also effective action W come from the high frequency field behavior [2, 5] . In the following, we will use [ Z ] to denote the coincident limit of any two-point function
. These ultraviolet divergences can be obtained by solving Eq. (54) in the generalized Reimann-normal coordinates with asymptotic expansion in large wave number k.
Eq. (54) in the generalized Riemann-normal coordinates x α with associated orthonormal co-frame {e a } gives
P −ξR)
where the coefficients
S ν ··· , and
P ··· involve the i derivatives of orthonormal co-frame. The explicit expres-sions of these coefficients in terms ofT a bc ,R a bcd and their covariant derivatives are given in Appendix. We have only retained the coefficients for i 4 in Eq. (55) since the divergences of W involve the coefficients up to four derivatives of {e a }. However, the coefficients for i = 4 become much complicated, the discussion of renormalization of W will be restricted in totally anti-symmetric torsion, i.e. T abc = T [abc] , where square brackets indicates index anti-symmetrization. On the other hand, the divergences of [ G ], which are used to study the renormalizability of interacting scalar fields, involve the coefficients for i 2, so we do not put any restriction on torsion for finding those divergences.
By making the n-dimensional Fourier transformation, G(x, x ′ ) in the momentum space yields
where G(k) = G(k; x ′ ) is assumed to have compact support in the normal neighborhood of x ′ . We consider the following expansion of G(k)
and
where G i (k) involves the coefficients
To find the divergences of [ G ], we first solve G i for i 2. By substituting Eq. (58) into Eq. (55), the lowest-order equation yields
which has the Minkowski-space solution
From Eq. (59), we also know that
Substituting the solution G 0 (x, x ′ ) into Eq. (61) and using Eqs. (A8), (A9) , we obtain
whereT α =T β βα is the trace torsion, and ∂ α ≡ ∂/∂k α . It turns out that G 1 (k) = 0 in the pseudo-Riemannian geometry, which has been shown in [3] . Using integrating by part, one can show that
By substituting the solutions
(63) and integrating by part, a straightforward but tedious calculation yields
where the indices are up and lower by η µν and η µν and round brackets indicate index symmetrization. In Sec. V, it will be shown that the second line of Eq. (64) does not contribute to [ G 2 ]. In pseudo-Riemannian geometry, Eq. (64) reduces to
which is the same as in [3] .
A. A special case: the total antisymmetric torsion
In this subsection, we will consider background torsion to be totally anti-symmetric and find the divergences of effective action W in this restricted background gravitaional fields. The reason is that the totally anti-symmetric torsion plays a significant role for generating inflation in the early Universe [29] . Moreover, since it is necessary to obtain G 4 (k) for finding the divergences of W , this consideration will largely simplify our calculations.
When T αβγ = T [αβγ] , the autoparallels and geodesics will coincide, and it gives
(1)
is a function of x µ x ν , and using Eqs. (A14)-(A15), we obtain
Therefore, Eq. (63) becomes
which has a solution
is Lorentz invariant and hence it is also a function of x α x α . It follows that G 2 (x, x ′ ) also satisfies Eq. (66). Moreover, by using Eqs. (A17), (A18), (A20), (A21), a straightforward but tedious calculation gives two more identities
P − ξR) G 2 + (
By substituting Eq. (A19) into Eq. (71) and integrating by part, we obtain
where ∇ α ≡ g αβ ∇ β . When torsion vanishes, Eq. (73) reduces to
where the Bianchi identities have been used. It agrees with the result in [3] . Similarly, substituting Eqs. (A16) and (A22) into Eq. (72) and integrating by part yields
where ≡ ∇ α ∇ α and
κνβγT κνλT βγ λ −
180R
λνκβT λβγTνκ γ − 1 180R 
which agrees with the result in [3] . The Feynamm propagator can be obtained by giving m 2 an infinitesimal negative imaginary part iǫ, i.e. m 2 + iǫ, and take iǫ to be zero at the end of calculation. Since our calculations are valid in n dimensions, it is natural to use dimensional regularization to handle the divergences of Feynamm propagator and effective action in the coincident limit.
V. RENORMALIZATION OF A SCALAR FIELD IN RIEMANN-CARTAN SPACETIME
It is known that proper-time representation can be derived from momentum-space representation in the n dimensional pseudoRiemannian structure of space-time [3] . We will show that the derivation can be extended to n dimensional Riemann-Cartan spacetime. In the following, we only consider the approximate solution of G(x, x ′ ) up to G 4 (x, x ′ ). Substituting Eqs. (60), (62), (64), (73), (75) into (56) and integrating by part yields
c αβ = 1 3
It should be pointed out that the coefficients a and a αβ are considered in a general background torsion field but the other coefficients b α , c αβ and c are considered in a background totally anti-symmetric torsion field. Defining
and using the integral representation
where σ(x, x ′ ) = 1 2 x α x α is half square of the autoparallel distance between x and x ′ . Since |g(x ′ )| = 1 in the generalized Riemann-normal coordinates, it gives
By introducing a determinant defined by
and noticing that Eq. (88) reduces to |g(x)| −1/2 in the generalized Riemann-normal coordinates, we obtain
which may be considered as the proper-time representation in n dimensional Riemann-Cartan spacetime. When torsion vanishes, Eq. (89) yields the usual expression of DeWitt-Schwinger proper-time representation in n dimensional pseudo-Riemannian structure of space-time.
It is known that the first n 2 terms of Eq. (89) are divergent at x → x ′ limit [2] . If one considers that n can be analytically continued throughout the complex plane, Eq. (89) at x → x ′ limit becomes
When n → 4, Eq. (90) indicates that only the first two terms are divergent. From Eq. (13), it can be shown that [2]
By substituting Eq. (89) into Eq. (91), the divergent terms in the four dimensional spacetime yield
It turns out that the divergent terms are entirely geometrical and involve only a(x) and c(x). By adding the counterterms, which contain bare coefficients, into the gravitational Lagrangian, the infinite quantities of L div can be absorbed into bare coefficients to obtain renormalized physical quantities. It should be pointed out that, for totally anti-symmetric torsion, a(x) and c(x) may be compared to the coefficients b 2 and b 4 (i.e. Eq. (4.2.27) and and (4.3.10)) in [13] . It is easy to see that a(x) in totally anti-symmetric torsion case, which is referred to Eq. (68), is equivalent to b 2 . However, we have not verified the equivalence of c(x) and b 4 yet, since it involves using the Bianchi identities.
VI. CONCLUSION AND DISCUSSION
We obtain the momentum-space representation of the Feynamm propagator of a free massive scalar field in RiemannCartan spacetime. Moreover, the proper-time representation in n dimensional Riemann-Cartan spacetime has been derived from our momentum-space representation. It leads us to find the divergences of the one-loop effective action by using dimensional regularization. It turns out that the divergences of one-loop effective action of the scalar field are purely geometrical and involve full curvature, torsion and their covariant derivative. It is interesting to notice that though there is no direct coupling between torsion and the scalar field in the classical action, those divergences do contain torsion parts. When torsion vanishes, our momentum-space representation agrees with the results in [3] .
It has been demonstrated that momentum-space representation is useful for studying the renormalizability of interacting fields in pseudo-Riemannian structure of spacetime [3] . So our current work may also be useful for studying renormalizability of interacting scalar fields in Riemann-Cartan spacetime. Moreover, finding momentum-space representation of Feynamm propagator for spin 1/2 field in RiemannCartan spacetime is straightforward by using the generalized Riemann-normal coordinates. These considerations will be our future work.
Our original motivation is to study quantum effects of our inflation model [29] in Riemann-Cartan spacetime. It turns out that our inflation model, which contain quadratic curvature terms, is a subclass of the effective action. Therefore, it might be interesting to find the renormalized stress 3-forms and spin 3-forms, and study these quantum effects in the early Universe. A further investigation on reheating and primordial perturbations will also be studied in the future. 
(1) 
In the case of totally anti-symmetric torsion, one may use Eq. (A3) to obtain 
(2) 
P α = 1 12 
